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Table 1 Summary of results
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aTaken from Ref. 2.

number cases, Stetter's method reaches steady state in many
fewer time steps than the other four methods. For the lowest
Reynolds number case, which is viscous dominated, all of the
methods take approximately the same number of steps. It
should be noted that Stetter's method requires more work per
time step (three evaluations of the space derivatives as op-
posed to one or two for the other methods); although the CPU
time in the present study was not accurately determined, it
does appear that the modified hopscotch has a slightly better
CPU time. However, there are applications such as Ref. 4,
where auxiliary transport calculations require more CPU time
than the fluid mechanics, and in such a situation, even though
the auxiliary calculations are not made at every time step, the
total CPU time for a given problem is reduced by having the
fluid mechanics converge faster. Thus, Stetter's method with
its ability to use larger marching steps, should find ap-
plication in such problems.

Concluding Remarks
Stetter's three-step predictor-corrector technique has been

used to solve the compressible Navier-Stokes equations for
quasi-one-dimensional flow in a converging-diverging nozzle.
For the nonviscous dominated case, Stetter's method was
clearly superior to the four other currently popular methods
in attaining the steady-state solution in the fewest steps. Time
steps of slightly greater than two times the CFL limit were
obtainable with Stetter's method.
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Introduction

THE integral equation method for calculating steady
inviscid transonic flows based on small perturbation
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theory is well known. In general it involves a small amount of
numerical work. For the three-dimensional case an integral
equation formulation originates from Klunker1 by the ap-
plication of Green's theorem. It also gives the expression for
the far-field potential for three-dimensional wings at tran-
sonic speeds. By means of the small disturbance shock jump
conditions, Klunker showed that the surface integral term
over the surface of the shock discontinuity does not make any
contribution to the potential. Note that Ferrari and Tricomi2

made a normal shock assumption in the integral equation
formulation for two-dimensional nonlifting flows. There, the
integral equation was formulated in terms of the velocity
component instead of the velocity potential, as was done by
Klunker. It is apparent from the work of Klunker that the
normal shock assumption, which is one of the drawbacks of
the integral equation method, is not necessary if we formulate
the integral equation in terms of the velocity potential and
subsequently differentiate it to get the same integral equation
for the velocity components. ]

On the other hand, the analytical solution to the transonic
small perturbation equation in reduced coordinates was
expressed as a nonlinear integral equation by Ndrstrud,3 with
the reduced perturbation velocity potential as the unknown
function. The purpose of the present Note is to study critically
Ndrstrud's formulation for three-dimensional transonic
lifting wings and to indicate an alternative way of deriving
them.

An Alternative Deduction of the Integral
Equation Formulation

Using the same notations defined by Niyogi,4 the integral
equation formulated by Ndrstrud3 for reduced U velocity
components may be written as follows

U(X, ±0,Z) = UP(X, ±0,Z) ±

dI(X,Y,Z;U)-l-lim
Y-O- dX

>-&UP(X,Z)]

(1)

where UP(X,Y,Z) = ( d / d X ) $ P ( X , Y , Z ) ; $P the solution of
Laplace equation

satisfies the same boundary condition as U(X,Y,Z).
I(X, Y,Z;U) represents the volume integral

I(X,Y,Z;U) =
-1
^T j

(3)

It has been shown in Ref. 4 that the two-dimensional
equations corresponding to Eq. (1) are not independent.
Proceeding in a similar way, the same conclusion can be
drawn for the present three-dimensional case also. Alter-
natively, following Ndrstrud,5 if the symmetric and an-
tisymmetric parts of U(X, Y,Z) and UP(X, Y,Z) are defined
by U+ , U~ , and U£, U~, respectively, then Eqs. (1) becomes

U+ +U'= ,D , «,„ (dl/dX)
Y-0 +

or

and

or

U+=U++lim (dl/dX) (4)

U+ - U~ = U+- U~- U (dl/dX)

(dl/dX) (5)
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The relation

lim (dI/dX)=\im (dl/dX)

comes from Eqs. (4) and (5) and can also be proved following
Refs. 4 and 6. Note that Eqs. (4) and (5) are identical and
represent a single equation for the symmetric part of the
velocity only. The second requisite independent equation may
be obtained by differentiating the integral equation for
$(X, Y,Z) with respect to Y along with the tangency boun-
dary condition at the wing surface. The problem is thus
reduced to the solution of the coupled pair of integral
equations, and an iteration is necessary to solve them.

An alternative formulation of the integral equations (1) can
be obtained as follows. By the application of Green's
theorem, the three-dimensional transonic equation for the
reduced perturbation potential 4> may be converted to the
following integral equation, as shown in detail by Klunker . ]

- f *AKdS+ f
Js J

where

(6)

(7)

Here, S represents the wing planform area and V the total
volume enclosed by the surface at infinity, the surface
surrounding the singular point, the surface around any shock
discontinuity, the wing surface, and the trailing vortex sheet.

The harmonic solution <i>p for linearized subsonic theory
can be written as

*p=- R
(8)

$P satisfies the same boundary conditions as $ corresponding
to the nonlinear theory. So, according to the thin airfoil
theory

0<X<1 (9)

Since the integral over 5 in Eqs. (6) and (8) means integration
over only the wing planform, the second term on the right-
hand side of Eq. (6) equals to the first term of the right-hand
side of Eq. (8), in view of Eq. (9).

The subtracting Eq. (8) from Eq. (6) follows

£ j
x

where

(10)

r(X,Y,Z;U)=\
J v

Differentiating Eq. (10) with respect to Ogives

L Y2+ (Z-
dr (11)

Now, taking limits as Y— ±0 and considering the second term
on the right-hand side of Eq. (11) as the well-known Poisson's
integral, it follows for continuous flow that

U(X,±0,Z) = UP(X, ±0,Z) ± */2[AU(X,0,Z)

-AUP(X,0,Z)] (dl'/dX) (12)

If there is no shock discontinuity, it can be shown1 by in-
tegrating I(X,Y,Z,U) by parts in the X direction that
I ( X , Y,Z,U)=I'(X, Y,Z,U), and so the Norstrud's integral
Eqs. (1) result. If there is a shock discontinuity, then in-
tegrating by parts in the ^direction I(X,Y,Z, U) gives

I(X,Y,Z,U) = -
shock

(13)

where the upstream unit normal to the shock surface has been
taken as

n = cosa2 + K cosa3

Now, the first term on the right-hand side of Eq. (13) along
with the integral terms over the shock surface which appeared
in the course of formulating Eq. (6) give no contribution
because of the small disturbance approximation of shock
jump conditions. l Thus, Eq. (1 1) as well as Eq. (12) is valid,
for the piecewise continuous function AU(X, Y,Z) on the
boundary Y=Q, even for the case when shock discontinuity
appears.
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Introduction

IN this Note, the boundary layer over a flat plate is
calculated with a three-equation model of turbulence which

makes use of transport equations for the kinetic energy k, the
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